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Abstract
The symmetry algebra of the real elliptic Liouville equation is an
infinite-dimensional loop algebra with the simple Lie algebra o(3, 1) as
its maximal finite-dimensional subalgebra. The entire algebra generates
the conformal group of the Euclidean plane E2. This infinite-dimensional
algebra distinguishes the elliptic Liouville equation from the hyperbolic
one with its symmetry algebra that is the direct sum of two Virasoro alge-
bras. Following a discretisation procedure developed earlier, we present a
difference scheme that is invariant under the group O(3, 1) and has the el-
liptic Liouville equation in polar coordinates as its continuous limit. The
lattice is a solution of an equation invariant under O(3, 1) and is itself
invariant under a subgroup of O(3, 1), namely the O(2) rotations of the
Euclidean plane.
1 Introduction
The Liouville equation is
zαβ = e
z, (1)
where z, α, and β are complex variables. Its two inequivalent real forms are
obtained when z, α, and β are real (the hyperbolic Liouville equation), or when
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β is the complex conjugate of α (the elliptic Liouville equation). They are both
among the most important and ubiquitous equations in physics. In particular,
the Liouville equation defines the conformal factor of the metric on a surface
of constant Gaussian curvature [27], so this equation and its quantized version,
are of primary importance in gravity theory [5, 19, 32, 34, 47, 54, 55, 60, 61] and
in several gauge field models [4, 33]. Its general solution has been known for a
long time and was discussed in detail in [15].
In two recent articles [35, 36] we dealt with the real hyperbolic Liouville
equation as part of a program of discretizing both ordinary and partial differ-
ential equations (ODEs and PDEs), while preserving their Lie point symme-
tries [21,40]. In particular we have shown that it is not possible to preserve the
entire infinite-dimensional symmetry group as point symmetries in the discrete
case. The Lie symmetry algebra in the hyperbolic Liouville equation case is the
direct sum of two Virasoro algebras virx
⊕
viry. Our discretization preserves
the maximal finite-dimensional subalgebra, namely slx (2,R)
⊕
sly (2,R). An
alternative approach [56, 57] to ours makes it possible to preserve the entire
direct product V IR (x) ⊗ V IR (y) group, however as generalized symmetries
rather than point ones. A similar pattern emerges in the symmetry preserving
discretization of the elliptic Liouville equation. As we will see, it is possible to
preserve only the maximal finite-dimensional subalgebra as point symmetries,
not the entire algebra. New features appear in the elliptic case. The symmetry
algebra in the continuous case is simple, rather than semisimple. In the dis-
cretization the lattice is invariant under rotations, rather than translations as
in the hyperbolic case.
Let us briefly review the role that infinite-dimensional Lie point symmetry
algebras play for various types of differential equations and why we would like
to preserve them, as much as possible in discretizing procedures. The existence
of an infinite-dimensional symmetry group is very often an indication of some
sort of integrability. By this we mean the possibility of obtaining all solutions,
or large classes of solutions, by essentially linear techniques.
For ODEs the only equations that allow an infinite-dimensional algebra
are first order ones. Finding any one-dimensional subalgebra of this infinite-
dimensional Lie algebra is equivalent to finding an integrating factor. It was
shown in [59] that a discretization of a first order ODE preserving a one-
dimensional symmetry algebra is exact. The obtained invariant two-point dif-
ference scheme has exactly the same solutions as the original ODE.
For nonlinear PDEs the existence of an infinite-dimensional Abelian Lie
point symmetry group of a specific type is an indication of linearizability by an
invertible transformation of variables [8, 29]. The Abelian Lie algebra is just a
reflection of the linear superposition principle for the linear equations.
Finally, all nonlinear PDEs involving three independent variables that are
solvable by the Inverse Scattering Method have infinite-dimensional symmetry
algebras with a Kac–Moody–Virasoro structure [13,16–18,42,52,53].
For classical studies of PDEs with infinite-dimensional Lie point symmetry
algebras and their classification see [2, 41, 45]. An interesting comment made
by Lie in [41] is the statement that the integration of any second order PDE in
two independent variable which has an infinite-dimensional symmetry group is
reduced to the integration of three ODEs. This is related to Darboux integra-
bility [29].
First order linear or linearizable delay ordinary differential equations
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(DODEs) typically do have infinite-dimensional symmetry algebras. For their
discretization see [24].
The discretization of PDEs and DODEs preserving their Lie point symmetry
groups started in [3, 6, 11, 23, 24, 35, 36, 39] and the present article is an integral
part of this research. As stated in previous articles there are several aspects to
the program. The most fundamental is that the world may be inherently discrete
(for instance because of the Planck length). Then differential equations would
be approximations of difference ones. In quantum field theory discretizations
are part of renormalization. Keeping conformal, Lorentz or Galilei symmetries
is an important requirement [37]. Some physical phenomena are discrete, even
if space-time is continuous (crystals, molecular or atomic chains, spin chains,
· · · ). Finally, discretizations are an essential part of numerical algorithms for
solving PDEs, DODEs or ODEs.
This last aspect places our program in the field of geometric integration
[30, 31, 43, 44]. That is an attempt to preserve some important features of the
physical problem in the discretization. This feature may be its Hamiltonian
or symplectic structure, some or all integrals of motion or known asymptotic
behaviour, etc. . In our case we wish to preserve, whenever possible, the entire
Lie point symmetry group. When that is not possible we preserve at least
some maximal subgroup of the symmetry group. The motivation for this is
that the symmetry group of a PDE, a DODE, an ODE or a system of such
equations encodes a large amount of information about the solution set of the
equations. Moreover, symmetries are of fundamental importance in physics and
it is a pity to loose them when one starts to do numerics. Most symmetries are
lost as soon as any specific fixed lattice is postulated (e.g. a Cartesian lattice
cannot be invariant under rotations, a frequent symmetry of a physical system).
This may be avoided by including the lattice variables as new dynamical fields,
determined by the continuous symmetry algebra, as we will show below. The
proposed approach is to replace a PDE
E(x, y, u, ux, uy, uxx, uxy, uyy, · · · ) = 0, (2)
by a set of relations between points
Ea
(
xm+i,n+j , ym+i,n+j , u(xm+i,n+j , ym+i,n+j)
)
= 0, (3)
1 ≤ a ≤ N, 0 ≤ m ≤ N1, 0 ≤ n ≤ N2, 0 ≤ i ≤ k1, 0 ≤ j ≤ k2
where m and n specify a stencil and i and j the position on the stencil. The
numbers N (in our case N = 3) , N1, N2, k1 and k2 depend on the number of
partial derivatives present in (2) . In the continuous limit the constraint is that
some combination of the relations Ea = 0 (3) should go into the PDE (2), the
other relations into identities (like 0 = 0).
We call the difference scheme (3) invariant when it is constructed entirely
out of invariants of the Lie point symmetry group G of the PDE (2), or some
specific subgroup G0 ⊂ G. Thus both the (approximate) solution of the PDE
(2) and the lattice emerge as solutions of (3).
To avoid possible confusion we immediately state that invariance of equations
under some group G does not imply invariance of solutions. Solutions also
satisfy boundary or initial conditions (or some combination of both) that break
the symmetry. What is invariant is the set of all solutions. To obtain numerical
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solutions the lattice must be specified completely. In particular, we choose
the lattice to be a solution of the invariant scheme (3). After the choice is
made (compatible with (2)) the lattice is no longer invariant. Similarly, once
we impose boundary conditions and start integrating, we obtain a non-invariant
solution (transformed into another solution of (3) by the its Lie point symmetry
group).
The method of preserving Lie point symmetries sketched above has been
already proved to be useful, for instance when doing numerics. For ODEs
invariant methods provide precise solutions close to singularities and contin-
ued beyond singularities, where conventional Runge-Kutta methods break down
[9, 12, 20, 22, 25, 26, 38, 58]. For PDEs we refer to our previous articles on the
hyperbolic Liouville equation [35,36]. We compared, under identical conditions,
four different numerical methods. A standard one applicable to virtually any
PDE, one preserving the entire infinite-dimensional symmetry group as general-
ized symmetries [56,57], our method preserving the maximal finite-dimensional
subgroup as point symmetries [35, 36] and one preserving linearizability [1]. In
the comparison the last two performed about two orders of magnitude better
then the first two. For other numerical applications of symmetry preserving
schemes to PDEs and comparison with standard methods see e.g. [7].
The structure of this article is as follows. In Section 2 we write the com-
plex algebraic Liouville equation and its Lie point symmetry algebra, the direct
sum of two complex Virasoro algebras. We then restrict to the real elliptic
Liouville equation and transform to polar coordinates. The obtained real sym-
metry algebra is an infinite-dimensional simple Lie algebra and its maximal
finite-dimensional subalgebra is identified as O(3, 1). In Section 3 we introduce
a 9-point stencil labeled by a reference point (m,n) and involving the points
(m + i, n + j) , 0 ≤ i ≤ 2 , 0 ≤ j ≤ 2. On this lattice we construct a to-
tal of 24 complex invariants, each depending on 4 points only. Using these
SL (2,C) ⊗ SL (2,C) invariants we discretize the complex Liouville equation.
We then restrict appropriately to the real elliptic equation, to real variables and
real O(3, 1) invariants. We express these real invariants in polar coordinates
and construct a polar type lattice, on which we write a discrete elliptic Liouville
equation which has the real elliptic Liouville equation in polar coordinates (12)
as its continuous limit. Section 4 is devoted to a short conclusion and to a future
outlook.
2 The complex Liouville equation, its Lie point
symmetry algebra and their real forms
The complex Liouville equation (1) has the algebraic form
uuαβ − uαuβ = u3, u = ez, (4)
where z and u are (complex) functions of two complex variables α and β.
Its Lie point symmetry algebra is known (or at least it can be easily deduced
from classical studies of partial differential equations with infinite-dimensional
symmetry groups [2,41,45]) and from more recent articles on the real Liouville
equation [14, 28]. It is the direct sum of two Lie algebras, each isomorphic to
the algebra of diffeomorphisms of the complex line (a.k.a. the complex Vira-
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soro algebra). For the algebraic Liouville equation (4) the symmetry algebra is
realized by the holomorphic vector fields
A(f(α)) = f(α)∂α − f ′(α)u ∂u, (5)
B(g(β)) = g(β)∂β − g′(β)u ∂u. (6)
Here f(α) and g(β) are arbitrary holomorphic functions of α and β respectively
(but not of the complex conjugates α¯ and β¯).
The most important mathematical properties of the Liouville equation (1)
(and (4)) are
1. The Lie point symmetry group is infinite-dimensional.
2. Equation (1) is linearized by a transformation of the dependent variable
z = ln(2
φαφβ
φ2
), φαβ = 0. (7)
Thus, every solution of the complex Laplace equation (7) (φ = φ1(α)+φ2(β)
with φ1 and φ2 arbitrary functions of their argument) provides a solution of the
Liouville equation (1).
The real hyperbolic Liouville equation and its symmetry algebra are obtained
in exatly the form (1),. . . , (7) by taking α = x, β = y and considering {x, y, z}
to be real.
The real elliptic Liouville equation is obtained by putting
α =
1
2
(x+ iy), β = α¯ =
1
2
(x− iy), {x, y, z} ∈ R3
to get from (1)
zxx + zyy = e
z, (8)
and from (4)
u(uxx + uyy)− (u2x + u2y) = u3, u = ez. (9)
Its Lie point symmetry algebra can be written as
Xˆ = ξ(x, y)∂x + η(x, y)∂y − (ξx + ηy)u∂u, (10)
where the functions ξ(x, y) and η(x, y) satisfy [14,28]
ξxx + ξyy = 0, ηxx + ηyy = 0, ηx = −ξy, ηy = ξx. (11)
Thus, ξ and η are any two harmonically conjugate real smooth functions.
To make the Lie algebra explicit we transform to polar coordinates, rewriting
(9) as
u(urr +
1
r
ur +
1
r2
uθθ)− (u2r +
1
r2
u2θ) = u
3, x = r cos θ, y = r sin θ. (12)
The equations (11) transform into
ξrr +
1
r ξr +
1
r2 ξθθ = 0, ηr = −
1
r
ξθ, (13)
ηrr +
1
rηr +
1
r2 ηθθ = 0, ηθ = rξr.
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By separating the variables we obtain
ξ(r, θ) =
∞∑
m=0
rm(am cosmθ + bm sinmθ), (14)
η(r, θ) =
∞∑
m=0
rm(am sinmθ − bm cosmθ).
A basis for the Lie point symmetry algebra (10) can be chosen to be:
Am = r
m cos(m− 1)θ ∂r + rm−1 sin(m− 1)θ ∂θ − (15)
− 2mrm−1u cos(m− 1)θ ∂u,
Bm = r
m sin(m− 1)θ ∂r − rm−1 cos(m− 1)θ ∂θ −
− 2mrm−1 u sin(m− 1)θ ∂u,
where m ∈ Z≥0. It should be emphasized that, contrary to the case of the
hyperbolic Liouville equation, this infinite-dimensional Lie algebra is not a direct
sum of two algebras. In particular, if we restrict to m = 0, 1 and 2 we obtain
the maximal finite-dimensional subalgebra
A0 = P1 = cos θ∂r − 1
r
sin θ∂θ,
B0 = P2 = sin θ∂r +
1
r
cos θ∂θ,
B1 = L3 = ∂θ, A1 = D = r∂r − 2u∂u, (16)
A2 = C1 = r(r cos θ∂r + sin θ∂θ − 4u cos θ∂u),
B2 = C2 = r(r sin θ∂r − cos θ∂θ − 4u sin θ∂u).
This is the (simple) algebra o(3, 1), realized as the Lie algebra of the conformal
group of the Euclidean plane (a real form of the semisimple complex Lie algebra
o(4,C) ≡ o(3,C)⊕ o(3,C)). The auxiliary notation introduced in (16) has a
mnemonic value, meaning Pi for translations, L3 rotation, D for dilation and
Ci for special conformal generators.
More generally we obtain a simple real form of the direct sum of two complex
Virasoro algebras with commutation relations
[Am, A`] = (`−m)Am+`−1, [Bm, B`] = (m− `)Am+`−1, (17)
[Am, B`] = (`−m)Bm+`−1.
3 Invariants in discrete space and the invariant
discrete elliptic Liouville equation
The discretization of the hyperbolic Liouville equation with preservation of
either its symmetries, or its linearizability was the topic of earlier articles
[1, 35, 36, 56, 57]. In particular, in the articles [35, 36] we constructed a dis-
crete hyperbolic Liouville equation invariant under the maximal finite subgroup
SLx (2,R) ⊗ SLy (2,R). We then showed that it is not possible to extend the
invariance to the full group V IR (x)⊗ V IR (y) while restricting to point trans-
formations, if we want to obtain the hyperbolic Liouville equation in the con-
tinuous limit. On the other hand it is easy to discretize the linear wave equa-
tion in a completely invariant manner (with an infinite-dimensional symmetry
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group [39]). In [35] we considered a 4-point stencil, in [36] also a 9-point one
and arrived at the same conclusions. Namely, it is not possible to construct a
V IR (x) ⊗ V IR (y) invariant discrete invariant scheme for the hyperbolic Li-
ouville equation out of the 24 SLx (2,R) ⊗ SLy (2,R) invariants on a 9-point
lattice either. Moreover instabilities close to zero lines of solutions could not be
avoided.
To discretize the elliptic Liouville equation we proceed as in the continuous
case. We first complexify the hyperbolic case, then we restrict to the real elliptic
one. We shall need a 9-point lattice, as depicted on Fig.1 as we want to be
able to discretize independently all second order partial derivatives using only
invariants of the group O(3, 1).
We start with four points only, namely the rectangle I of Fig.1 defined by
the points (m,n), (m+ 1, n), (m,n+ 1), (m+ 1, n+ 1).
(m,n)
(m,n+1)
(m+1,n)
(m+1,n+1)
(m+2,n)
(m,n+2) (m+1,n+2)
(m+2,n+1)
(m+2,n+2)
I II
III IV
Figure 1: A stencil for the 9-point scheme.
Six independent SLx (2,R)⊗SLy (2,R) invariants exist on this 4-point sten-
cil I [35], namely
ξI =
(xm,n+1 − xm,n)(xm+1,n+1 − xm+1,n)
(xm,n − xm+1,n)(xm,n+1 − xm+1,n+1) , (18)
ηI =
(ym+1,n − ym,n)(ym+1,n+1 − ym,n+1)
(ym,n − ym,n+1)(ym+1,n − ym+1,n+1) ,
HI1 = um,num+1,n+1(xm,n+1 − xm,n)2(ym,n+1 − ym,n)2, (19)
HI2 = um+1,num+1,n+1(xm+1,n+1 − xm+1,n)2(ym+1,n+1 − ym+1,n)2,
HI3 =
um+1,n
um,n
(xm+1,n − xm,n+1)2(ym+1,n − ym,n+1)2
(xm,n+1 − xm,n)2(ym,n+1 − ym,n)2 ,
HI4 =
um+1,n+1
um,n
(xm+1,n+1 − xm+1,n)2(ym+1,n+1 − ym+1,n)2
(xm+1,n − xm,n)2(ym+1,n − ym,n)2 .
Here the superscript I indicates that we are in the rectangle I. Our procedure
will now be to replace (xm,n, ym,n) by two complex variables (αm,n, βm,n) in
all formulas and then to restrict to αm,n = xm,n + iym,n, βm,n = α¯m,n =
xm,n − iym,n with (xm,n, ym,n) ∈ R2.
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We start with the space invariants ξ and η:
ξˆI =
[xm,n+1 − xm,n + i (ym,n+1 − ym,n)]
[xm,n − xm+1,n + i (ym,n − ym+1,n)] · (20)
· [xm+1,n+1 − xm+1,n + i (ym+1,n+1 − ym+1,n)]
[xm,n+1 − xm+1,n+1 + i (ym,n+1 − ym+1,n+1)] , ηˆ
I =
1
ξˆI
.
We see that ξˆI and ηˆI are not independent. When restricting to the real elliptic
case we shall use Re ξˆI and Im ξˆI as the new invariants. Let us transform ξˆI to
polar coordinates, defining
xm,n = rm,n cos θm,n, ym,n = rm,n sin θm,n, (21)
We obtain
ξˆI ≡ ReN
∆
+ i
ImN
∆
, (22)
∆ = [r2m,n + r
2
m+1,n − 2rm,nrm+1,n cos(θm,n − θm+1,n)]
· [r2m,n+1 + r2m+1,n+1 − 2rm,n+1rm+1,n+1 cos(θm,n+1 − θm+1,n+1)],
ReN = (r2m,nr
2
m+1,n+1 + r
2
m,n+1r
2
m+1,n)
+ 2(rm,nrm+1,n+1rm,n+1rm+1,n cos(θm,n + θm+1,n+1 − θm+1,n − θm,n+1)
+ (r2m,n+1 + r
2
m,n+1)rm,nrm+1,n+1 cos(θm+1,n+1 − θm,n)
− (r2m,n+1 + r2m,n)rm+1,nrm+1,n+1 cos(θm+1,n+1 − θm+1,n)
− (r2m+1,n + r2m+1,n+1)rm,nrm,n+1 cos(θm,n+1 − θm,n)
+ (r2m,n + r
2
m+1,n+1)rm,n+1rm+1,n cos(θm+1,n − θm,n+1)
− (r2m,n+1 + r2m+1,n+1)rm,nrm+1,n cos(θm+1,n − θm,n)
− (r2m+1,n + r2m,n)rm,n+1rm+1,n+1 cos(θm+1,n+1 − θm,n+1),
ImN = (r2m,n+1 − r2m+1,n)rm,nrm+1,n+1 sin(θm+1,n+1 − θm,n)
+ (r2m+1,n − r2m+1,n+1)rm,nrm,n+1 sin(θm,n+1 − θm,n)
+ (r2m+1,n+1 − r2m,n+1)rm,nrm+1,n sin(θm+1,n − θm,n)
+ (r2m,n − r2m,n+1)rm+1,nrm+1,n+1 sin(θm+1,n+1 − θm+1,n)
+ (r2m+1,n − r2m,n)rm,n+1rm+1,n+1 sin(θm+1,n+1 − θm,n+1)
+ (r2m,n − r2m+1,n+1)rm,n+1rm+1,n sin(θm+1,n − θm,n+1).
The new real invariants defined by
σ =
−ReN
∆
, τ =
ImN
∆
, (23)
make it possible to introduce the invariant lattice equations of type (3) by
putting
σ = A, τ = B, (24)
where A and B are real constants (not depending on m or n).
For the hyperbolic case we simplified the problem, by requiring that x and
y depend on one discrete variable each: xm,n ≡ xm, ym,n ≡ yn. This implied
ξI = ηI = 0 and provided an orthogonal lattice in Cartesian coordinates.
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Here, in the elliptic case, we make a similar requirement, however in the
polar coordinates, namely
rm,n = rm, θm,n = θn. (25)
For the lattice invariant equation (24) this implies
σ ≡ 4 rmrm+1
(rm − rm+1)2 sin
2 θn+1 − θn
2
= A, τ ≡ 0. (26)
A solution of system (26) provides a class of specific polar coordinate lattices,
namely
rm = r(s+ 1)
m, θn = θ0 +
2pi
N
n, n = 0, 1, . . . , N − 1, s > −1, N ∈ N∗. (27)
Thus the angle 2pi is divided into N equal sectors and the radius spacing in-
creases (s > 0) or decreases (−1 < s < 0) exponentially for m → ∞. As
mentioned in the Introduction the equations (like (24)) are invariant. The ex-
plicit lattice (27), as a solution, is not invariant under O(3, 1) (because we
imposed the non invariant condition (25)). On the lattice determined by (27),
(26) reduces to
A = 4
s+ 1
s2
sin2
pi
N
> 0. (28)
We are thus left with four free parameters, r, θ0, −1 < s and N ∈ N∗.
The elliptic invariants in (19) reduce to:
HI1 = 16r
4(s+ 1)4m sin4( piN )um,num,n+1
HI2 = 16r
4(s+ 1)4m+4 sin4( piN )um+1,num+1,n+1
HI3 =
[
s2+4(s+1) sin2( piN )
4 sin2( piN )
]2
um+1,n
um,n
HI4 =
16(s+1)4
s4 sin
4( piN )
um+1,n+1
um,n
(29)
The continuous limit corresponds to
N →∞, s→ 0, n
N
→ θ
2pi
sN = 2pi. (30)
The condition sN = κ, with κ finite, follows from the fact that A of (28) is
finite. The choice κ = 2pi is required, as we shall see below in (34), in order to
obtain the correct continuous limit for the discrete equation.
In order to write a discrete equation, with the correct continuous limit, we
introduce a more convenient set of invariants, with σ, τ as in (23). They are:
JI1 =
HI4
σ2
= (s+ 1)2
um+1,n+1
um,n
, JI2 =
σ2HI2
4HI1H
I
4
= (s+ 1)2
um+1,n
um,n+1
. (31)
Furthermore, by using (27) we have
um+j,n+k = u(r(s+ 1)
m+j ,
2pi
N
(n+ k)), 0 ≤ j ≤ 2, 0 ≤ k ≤ 2. (32)
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Let us define
I1 = −JIII1 + JIV1 + JII2 − JIV2 , I2 =
2∑
i=1
ai
√
HIi +
4∑
i=3
ai
√
HI1H
I
i , (33)
where JIIi , J
III
i , J
IV
i , i = 1, 2, are obtained by shifting the invariants J
I
1 and
JI2 in the corresponding region of the 9-point lattice. The expansion of um+j,n+k
in s and 2piN about um,n ≡ u(r, θ), keeping derivatives up to order 2, leads to the
following expansion for I1 and I2 in terms of s and
1
N
I1 =
1
u2
{s2[r2(uurr − u2r) + ruur] + (
2pi
N
)2[uuθθ − u2θ]}+ (34)
+ O(s3, (2pi
N
)3, s2
2pi
N
, s(
2pi
N
)2),
I2 = ur
2{(2pi
N
)2[a1 + a2 + a3] + s
2a3 +
( 2piN )
4
s2
a4}+
+ O(s3, (2pi
N
)3, s2
2pi
N
, s(
2pi
N
)2).
If we choose sN = 2pi, as in (30), the lowest order term in the expansion of I1
will be equal to ( 2piNu )
2 times the left hand side of (12). The lowest order term
in the expansion of I2 will be (
2pi
Nu )
2 times the right hand side of (12) once we
put a1 + a2 + 2a3 + a4 = 1 .
Hence an O(3, 1) invariant scheme on the lattice specified by (27) is obtained
by requiring
I1 = I2. (35)
Setting for simplicity a3 = a4 = 0, i.e. a1 + a2 = 1, (35) reads
−4r2(s+ 1)2m sin2(s
2
)[a1
√
um,num,n+1 + (1− a1)(s+ 1)2√um+1,num+1,n+1]
+(s+ 1)2[−um+1,n+2
um,n+1
+
um+2,n+2
um+1,n+1
+
um+2,n
um+1,n+1
− um+2,n+1
um+1,n+2
] = 0. (36)
Eq. (36) is the discrete elliptic Liouville equation, invariant under the group
O(3, 1), together with an expression of the lattice rm, θn (27). It can be used to
calculate um+2,n+2, once um+j,n+k is known for all other points on the 9-point
stencil (actually um,n+2 is not used). The continuous limit is, to the lowest
order (i.e. s2)
(r(rur,r + ur) + uθ,θ)u− r2u2r − u2θ
u2
= r2u+O(s). (37)
The term O(s) is very involved, depending on u(r, θ) and its derivatives, but
the coefficients depend explicitly on the discrete label m of the lattice. This
gives secular terms and thus makes the above limit non-uniform.
It is worthwhile to mention that by shifting the invariants (18, 19) to the
rectangles II, III and IV on Fig.1 we have obtained a complete set of 24
functionally independent O(3, 1) invariants. We are however not able to con-
struct a difference scheme out of them that is invariant under the entire infinite-
dimensional conformal group of the plane E2.
10
4 Conclusions
The main result presented in this article is the invariant discrete Liouville equa-
tion (36) on the lattice (27). Both the equation and the lattice are solutions of
the difference scheme I1 = I2, σ = A, τ = 0 with I1, I2 , σ and τ defined in
(33) and (23), respectively. This scheme is invariant under O(3, 1), the maximal
finite-dimensional subgroup of the infinite-dimensional conformal group of the
Euclidean plane. It turns out that we need a 9-point lattice to be able to repro-
duce the two second order derivatives. This implies that, as pointed out in [36]
for the hyperbolic Liouville equation, boundary conditions are more difficult
to impose. Moreover the continuous limit shows the presence of secular terms
which might lead to instabilities in the numerical results.
Numerical calculations of solutions of the hyperbolic Liouville equation
were presented in ref. [35] and [36] and the conclusions were stated above. For
the elliptic Liouville equation the situation is different: the only discretization
that we can compare to is the standard one or nonstandard difference schemes
[10, 46]. To our knowledge no discretization preserving the infinite-dimensional
symmetry group of point symmetries as generalized symmetries or preserving
linearizability exists. Moreover, as we must have an eight point discretization,
instabilities close to zero lines of solutions cannot be avoided.
Lie group theory has its most powerful applications to partial differential
equations, specially when the groups are infinite-dimensional. A study of all
possible extensions of this approach to multivariable discrete equations would
be most appropriate, possibly using the formalism developed in [48–51].
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